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Abstract 



r"| , In this paper, a class of generalized backward doubly stochastic differential equations whose 

coefficient contains the subdifferential operators of two convex functions, which are also called 
as generalized backward doubly stochastic variational inequalities, are considered. By means 
of a penalization argument based on Yosida approximation, we establish the existence and 
uniqueness of the solution. As an application, this result is used to derive existence result of 
CNI ' stochastic viscosity solution for a class of multivalued stochastic Dirichlet-Neumann problems. 
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1 Introduction 

The theory of nonlinear backward stochastic differential equations (BSDEs, for short) was firstly 
developed by Pardoux and Peng |[T6l . These equations have attracted great interest due to their 
connections with stochastic control, mathematical finance and due to providing probabilistic inter- 
pretation for solutions of PDEs. One can see Hamedene and Lepeltier 021, El Karoui et al. (9J, 
Peng [20], Ren et al. E2l |23l and the references therein. Further, other settings of BSDEs have 
been introduced. Especially, Gegout-Petit and Pardoux ifTUl introduced a class of BSDEs related 
to a multivalued maximal monotone operator defined by the subdifferential operator of a convex 
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function. In addition, Pardoux and Ra§canu [ 1 8 ] proved the existence and uniqueness of the solu- 
tion of BSDEs, on a random (possibly infinite) time interval, involving a subdifferential operator in 
order to give a probabilistic interpretation for the viscosity solution of some parabolic and elliptic 
variational inequalities. Its extension to the probabilistic interpretation of the viscosity solution of 
the parabolic variational inequality (PVI, for short) with a mixed nonlinear multivalued Neumann- 
Dirichlet boundary condition was recently given in Maticiuc and Ra§canu [ 15 ]. 

Another class of BSDEs, named backward doubly stochastic differential equations (BDSDEs, 
for short) involving a standard forward stochastic integral and a backward stochastic integral has 
been proposed by Pardoux and Peng fTTl . They derive existence and uniqueness result under global 
Lipschitz assumptions on the coefficients and use it under stronger assumptions (coefficients are C 3 ) 
to give a probabilistic representation for a class of quasilinear stochastic partial differential equations 
(SPDEs, for short). Furthermore, Buckdahn and Ma El|7j|5 ] improve this representation introducing 
the viscosity solution of semi-linear SPDEs. This viscosity solution is been extended to semi- 
linear SPDE with a Neumann boundary in [2 ] by means of a class of generalized backward doubly 
stochastic differential equations (GBDSDEs, for short). On the other hand, Boufoussi and Mrhardy 
derive the existence result to stochastic viscosity solution for some multivalued SPDE using it 
connection with BDSDEs whose coefficient contains the subdifferential of a convex function. More 
recently, the scalar GBDSDE with one-sided reflection which provides a probabilistic representation 
for the stochastic viscosity solution of an obstacle problem for a nonlinear stochastic parabolic PDE 
was considered by Aman and Mrhardy in HI. 

Motivated by the above works, the purpose of the present paper is to consider the following 
generalized backward doubly stochastic differential equation, whose coefficient contains the sub- 
differential operators of two convex functions, also called generalized backward doubly stochastic 
variational inequality (BDSGVI, for short). Precisely, we have 

dY t + f(t , Y t , Z t ) dt + g (t , Y t ) dA t + h (t , Y t , Z t ) dB t 

€dy(Y,)dt + dy(Y,)dA t +Z,dW„ < t < T, (L1) 

where (A t ) t >Q is a one-dimensional continuous increasing ^-progressively measurable process, 3(p 
and are two subdifferential operators. The integral with respect to {B t } is a backward Kunita-Ito 
integral (see Kunita lfT3l ) and this one with respect to {W t } is a standard forward Ito integral (see 
Gong [1 1]). It is actually a class of GBDSDEs, which involves two subdifferential operators of two 
convex functions. Let us recall that (11.21 ) has been studied, in the case h = 0, in |[T5l . 

We have two goals. First, under Lipschitz conditions on /, g and h, we derive an existence 
and uniqueness result to BDSGVI (11.11 ) by means of the Yosida approximation. Next, we natu- 
rally establish the connection between solution of (11.11 ) and the stochastic viscosity solution of the 
following stochastic PVI (SPVI, for short) with a mixed nonlinear multivalued Neumann-Dirichlet 
boundary condition: 

(~£(t,x) +Lu(t,x) + f(t,x,u(t,x),(VuG)(t,x)) 

-h(t,x,u(t,x))B t ^j £d(p(u(t,x)), (t,x) G [0, T] x 0, 
^(t,x)+g(t,x,u(t,x))edy(u(t,x)), (t,x)e[0,T}xBd(Q), (L2) 

k u(T,x)=x(x), x£®. 
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Here B denotes the white noise and, thus, indicates that the differential is to be understood in Ito's 
backward integral sense with respect to Brownian motion B and /, h, g and % are some measurable 
functions with appropriate dimensions. Moreover, L and denote the infinitesimal generator of 
some reflected diffusion process and are defined by 

and 

£ yw (x) VxG30, 
an jt x axi cue,- 

where the function (j) is linked to a connected bounded domain as defined in lfl4l . Let us mention 
that (11.21 ) is the generalization of the existence result (and not of the uniqueness) for the solution of 
the equation studied in 1151 , where h = and f,g are not random. As in ||5l or 0, we shall define 
stochastic viscosity solution for SPVI (11.21 ) by using the notion of stochastic sub- and super-jets. 
But the novelty lies in adding Stieltjes integrals with respect the process A which allows us to give 
representation formula (Feynman-Kac formula) for solution of the stochastic multivalued Neumann- 
Dirichlet problems. Therefore in our mind, the results of this article is a non trivial generalization 
of the work from [3 ] and hence one appear in Q. 

The rest of this paper is organized as follows. In Section 2, we give some preliminaries and 
notations. Section 3 is devoted to prove the existence and uniqueness of a solution for the BDSGVI 
(1 1 . 1 b - As application, we derive the notion of stochastic viscosity solution for a class of multivalued 
stochastic Dirichlet-Neumann problems and then prove its existence in the last section. 

2 Preliminaries and notations 

In the sequel, let T > be a fixed terminal time, {B t : t G [0, T]} and {W t : t € [0, 7 1 ]} be two in- 
dependent <f -dimensional Brownian motions (d > 1), defined on the complete probability (£2, J ,P) 
and (Q',jr',P') respectively, and (A f ) f >o be a one-dimensional continuous increasing measurable 
stochastic process (m.s.p., for short). Let us consider the product space (£2, jF ,P), where 

£2 = £2<g)£2 / , f = J P = P®P / , 

and let 5\£ denote the totality of P-null sets of J . For each t £ [0,T], we define 

where for any process {%}, = a{r\,--r\ s :s<r<t},!F t r] = J^ t . We note that F = {f t , t G [0, T]} 
is neither increasing nor decreasing so that it does not constitute a filtration. Further, we assume 
that random variables ^(co), CO G £2 and (£>' G £2' are considered as random variables on £2 via 

the following identifications: 

In what follows, we will work under the following spaces as defined in lfI51 . For the positive 
constants X and [i, 



3 



• M k denotes the space of F-jointly measurable stochastic process (j.m.s.p, in short) y: Qx 
[0, T] -> R k such that 

llYll 2 ^ =E/ r e^|y(0| 2 dr<oo. 

J u 

• fM k X,fJ denotes the space of j.m.s.p. y : Q x [0, T] — > R k such that 

||y|| 2 ^=E^e^|yW| 2 dA,<oo. 

• S k denotes the space of continuous j.m.s.p. y : Q. x [0, T] — > R k such that 

||y|| 2 =e(su P e^|y(0| 2 )<oo. 
\0<r<r / 

Now, we give the following assumptions: 

(HI) The F B -adapted functions / : [0, T] x Q, x R k x R kxd -+R k ,h: [0, T]xQ,xR k x R kxd -> R* xrf 
and g : [0, T] x CI x R k -> satisfy, for some constants Pi, 02 e M, K>0, 0<CC< 1, three 
F B -adapted processes {f„g„h, : < t < T}, and for all t £ [0, r],y,y € K k and z,z' € R kxd , 

(i) /(v.^z). M-.-.y.z) and #(v,.y) arep.m.s.p.; 

(ii) |/(f,y,z)|</ r +A:(H + || Z ||), ||A(^,z)||<A, + *(M + ||z||), \g(t,y)\<g, + K\y\; 
(hi) f,,h,€M** mi 

(iv) (y-y,/(f,y,z)-/(/,y,z))<Pib-y| 2 ; 

(v) |/(^,z)-/(^,z')l<^l|z-z'l|; 

(vi) (y-y,gM-g(f,y))<P2|y-y| 2 ; 

(vii) \\h(t,y,z)-h(t,y',z')\\ 2 <K\y-y'\ 2 + a\\z-z'\\ 2 ; 

(viii) j i-> (f(t,y,z),h(t,y,z),g{t,y)) is continuous for all z, (?,C0) a.e. 

(H2) The two functions cp and \|/ satisfy 

(i) cp,\|/ : M fc — >■ (— oo, +°°] are proper (7^ 00), convex, and lower semi continuous (l.s.c, for 
short), 

(ii) cpOO><p(0)=0, \|/(y)>v(0)=0. 

(H3) The terminal value £, is an R k - valued fj -measurable random variable. Moreover we have the 
following: For each X > 0,/j > 0, satisfying X > 2 + 2(p\ +(3 2 ) + ^^±2^ and fi > l + 2p 2 , 

A: = E|e^+^(^| 2 + cp(^)+ ¥ ©)+^e^ [(\f t \ 2 + \h t \ 2 ) At + |^| 2 dA,] | < 00. 
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For 6 equal to cp or \|/, let us define 



Dom(6) = {uER k : 6(w) < +00} , 



dQ(u) = {u* £R k : (u*,v-u) + Q(u) <8(v), for all v € M^}, 



Dom(36) = {u e M* : 30 ^ 0}, 



(w,«*) G 38 <^ u £ Dom(38),M* £ 36(m). 



It is well known that the subdifferential operator 36 is a maximal monotone operator, which means 
that 



Remark 2.1. Assumption (H2-h) is not a restriction since we can replace cp(w) (resp. by 
cp(w + Mo) — cp(wo) — («o> M ) ( res P- V|/(m + »o) — V( m o) — (uq,u)) where (mo;mq) e dq> (resp. («o;"o) £ 
3 ¥ ). 

To end this section, let us introduce the following needed classical Yosida approximation of 
the subdifferential operator 36 equal to 3cp or 3\|/. For £ > 0, we define (see [4] and the references 
therein) 



where J e (x) = (7 + 836) 1 (x) is called the resolvent of the monotone operator 36. Next, on can 
show that 



(u — u*,v — v*} > 0, V («,«*), (v,v* 



) €36. 




ve E (x) 



x—J e (x) 
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and x h-> V8 e (je) is a monotone Lipschitz function. 

Now, let us give the compatibility assumptions, which appeal - for the first time in |fl5l : 




Recall again that 6 is equal to cp or \|/, we have (see (H or |[T8l ). 



Proposition 2.2. (1) 6 E is a convex function with Lipschitz continuous derivatives; 



(2) for all x £ R*,V0 e (jt) = 38 E (x) = ± (x-J E (x)) E 38(/ e (jc)); 



(3) for all 



x,y£R k ,\VQ E (x)-VQ E {y)\<±\x-y 
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(4) for all x,y G R k , (V9 e (x) - VQ e {y),x-y) > 0; 



(5) forallx,y£M. k and£,8>0, (V6 E (x) - Ve s (»,x -y) > -(e + 8) (V6 e (x), V6 s (.y)) • 

3 Existence and uniqueness result to BDSGVI 

This section aims to derive the existence and uniqueness result to BDSGVI (ll.ll ). They are obtained 
via Yosida approximations. First of all, let us introduce the adapted definition of solution from ifTBI 
to our BDSGVI. 

Definition 3.1. The processes (Y, U,V,Z) is called a solution of BDSGVI dl.ll ) if the following 
conditions are satisfied: 

(1) Y G n n flf Z G M^ d ; 

(2) [/ G 3^, V G flf^; 

(3) E /V+^'fcp^df + y^dA,] <oo; 

Jo 

(4) e3<p, dP® df, (y r ,V,) G3\|/, dP<g)dA f (co)-a.e. on [0,T]; 

(5) F f + jf U s ds + ^ V s dA s = ^ + J f(s, Y s , Z s ) ds + j* g(s, Y s ) dA s 

+ ^ h(s, Y s , Z s ) dB s - f Z s dW s ,Q<t<T. 
Since our method is based on the Yosida approximations, let us consider the following GBDSDE: 
F f e + J%^)ds + f\y e {Yf)dA s = £ + J' ' f( S ,Y s £ ,Z*)ds + £ g ( S ,Y?)dA s 

+ ^ h(s, F/,Zf ) dB s - ^ 2* dW s . (3.1) 

Since V(p E and V\|/ e are Lipschitz continuous, it is known from a recent result of Boufoussi et al. 
0, that GBDSDEED) has a unique solution (F E ,Z E ) G (s^ n fW* ,/J n SW^M x M^ d . 
Setting 

(B* ) = (Vcp e ft E ), Vl|f e (l*)), < f < T, 

we shall prove the convergence of the sequence (F E ,£/ E ,V E ,Z E ) to a process (Y,U,V,Z), which is 
the desired solution of the BDSGVI dTTTb . 

The principal result of this section is the following theorem. We would like to point out that the 
proofs of Lemma 13.31 Lemma 13.41 Lemma 13.51 and Theorem 13.21 are generalizations of the results 
from [15]. For the reading convenience, we give the detailed calculations. 

Theorem 3.2. Assume the assumptions of (H1)-(H4) hold. Then, the BDSGVI (11.11 ) has a unique 
solution. 
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(3.2) 



In the sequel, C > is a constant which can change its value from line to line. Firstly, we give 
a prior estimates on the solution. 

Lemma 3.3. Assume the assumptions of (H1)-(H3) hold. Then, it holds that 

r T 

E sup e h +^'\Y t e \ 2 + / e^+^' (|7 ( e | 2 (df + dA f ) + ||Zf|| 2 df) <C. 

_0<t<T JO 

Proof. Applying Ito's formula to e^ +At4 ' |F f e | 2 , we obtain 

e ^+^ f |ye |2 + J Js+pA. \ Y *\ 2 d(hi + fjA s ) 

+2 J* e**^ [(Y s e , V(p e (F/)) ds + (if, Vy E (F s e )) dA s ] + e Xs+ ^ \\Z*\\ 2 ds 
= e ^+^| 2 + 2^V S+ ^ Qg,f(s,Yf,Z*)) ds + 2f\ Xs+ ^ (Y*,g(s,Y s e )) dA s 
+2 j\^(Y*,h( S ,Y?,%)dB s ) + j\^ + ^\\h{s,Y^Z^ds 

-2 J T lyf^Ws). 

Using the elementary inequality 2ab < $ 2 a 2 + for all a,b > 0, and (HI), we get 

2(yJ(s,y,z)) = 2(y,f(s,y,z)-f(s,y,0)+f(s,y,0)-f(s,0,0)+f(s,0,0)) 

< 2p 1 b| 2 +2 J s:b||| z || + b| 2 + |/(,,o,o)| 2 

< (l +2 p 1 + f)|);| 2 +M||z|| 2 + |/(,,0,0)| 2 , 
\\h(s,y,z)\\ 2 = \\h(s,y,z)-h(s,0,0) + h(s,0,0)\\ 2 

< (l + l) \\h(s,y,z)-h(s,0,0)\\ 2 + (1 + P)||AM,0)|| 2 



< ^i + ij^|2 + (i + p)|| /j (,, ,0)|| 2 + a(l + ^||z|| 2 , 
2fag(s,y)) = 2(y,g(s,y)-g(s,0)+g(s,0)) 

< 2$ 2 \y\ 2 +2\y\\g(s,0)\ 

< (2p 2 +l)b| 2 + |^,0)| 2 . 

Choosing M = = ^ and using Proposition l2"!2l(4). we get 

Ee k+M, |ye|2 + E j' T A _ 2 _ 2 (Pi + pa) - K{3 ~^ 2K) ^) e Ls+ ^ \Y*\ 2 ds 
+eJ* (p - 2p 2 - 1) e^" 4 * |F S E | 2 dA. s + f ||^ E || 2 ck 

< Ee^+^j^ + E^e 



/(,,0,0)| 2 + ( 1 + ll%0,0)[| 2 ) ds + |s(s,0)| 2 cM v 
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We show from (H3) that 

Ee^+^'IF^ + E^e^ 4 ' [|F, E | 2 (df + dA ; ) + ||Z f E || 2 df] < CA. (3.3) 

Therefore, the lemma follows from ( 13.31) and Burkholder-Davis-Gundy's inequality. □ 
Lemma 3.4. Assume the assumptions of (H1)-(H4) hold. Then, for allO <t <T, it holds that 

(i) E e^+^' ( | Vcp e (F, e ) | 2 d? + | Vx|/ e (F f e ) | 2 dA, ) < CA, 

(ii) E [\^> (y(J e (Y t e ))dt + Wz(Y t E ))dA ! ) <CA, 

Jo 

(hi) Ee^+^' (|F, E - J e (Y t e )\ 2 + \Y t e - J E (Y t e ) | 2 ) < eCA, 
(iv) Ee^'(cp(7 E (F, E ))+ ¥ (/ E (F/))) < CA. 

Proof. Here, we adopt the same arguments appeared in Pardoux and Ra§canu lfT8l . Given an 
equidistant partition of interval [t,T] such that t = to < h < ti <•••<?„ = T and ti + \ — tj = -, 
the subdifferential inequality shows that 



Summing up the above formula over i and letting n — > °°, we obtain 

e^+^cp E (^) > e h+ > jA >q> e (Y t e ) + J* e ^+^ (V(p E (F 4 E ), dY^) + j\ e (Y^)d(e Xs+ ^). 



From d3.il) , we obtain 

c h+ ^' (cp E (F f E ) + y e (Y t £ )) + | r e^ + ^|Vcp E (F/)| 2 d. + ^ r e^ + ^|V ¥E (F/)| 2 dA i . 



< e 1 ' 



(Vcp E (F s E ), V ¥e (F 4 e )> (ds+dA s ) + J e^+^ (cp E (y s E ) + ¥E (y s E )) (Xdj+^dA,) 
(cp E © + Ve ®) + (Vcp E (F, E ),/(s,F/,Z E )> d, 

(V ¥e (F s e ),/(,,F/,Z e )) ds + f\ Xs+ ^ <Vcp E (F, E ),g(.,F/)) dA 4 . 



_|_ ; gA^+Ms 



+ / e— (Vy e (Y*),g(s,Y*)) dA, + jTe^ (V(p E (F, E ) + V ¥E (F E ),/ J (s,i: s E ,Z E )dB. s ) 
e X,+M s (Vcp E (F s E ) + v ¥e (y/),z E d^) . 



The desired results can be derived from the following facts: 

^|y-7 E (y)| 2 <cp E (y) <cp(v), ^|y-7 E (y)| 2 < Ve (y) < ¥ (y), 

(V(p e ,/( W )) < i|Vcp E | 2 + 12(/ 2 +K 2 \y\ 2 +K 2 \\z\\ 2 ), 



(V^,g(s,y))<-\V^\ 2 + S(gj + K 2 \y\ 2 ), 

(Vy e ,f( S ,y,z)) < (V<? e ,f(s,y,z)) + < i|Vcp e | 2 + 12(/2+^ 2 b| 2 + ii: 2 || z || 2 ), 
(Vq> £ ,g(s,y)) < (Vy e ,g(s,y)) + < I|Vcp E | 2 + 8fe 2 + ^ 2 b| 2 +^ 2 ||z|| 2 ). 



□ 



Lemma 3.5. Assume the assumptions of (H1)-(H3) hold. Then, it holds that 

1 A*+ J uA < |yE_y5|2_|_ f T 

_0<t<T 



E 



sup e ^+^ A '|F ? e -F f s | 2 + [ T (\Y t e -Y t 6 \ 2 (dt + dA t ) + \\Zf-Zf\\ 2 dt) 

)<t<T JO ^ ' 



<C(s + 5)A. 

(3.4) 



Proof. Applying Ito's formula to & h +^< \Yf - Y t 8 \ 2 , we obtain 



\Y t e -Y t s \ 2 + £ e^+^< |F S E - F 8 1 2 d(Xs +/jA s ) + £ e^+^ | |Z e - zf 1 1 2 ds 
= 2j\^(Yt-Y?,f(s,Y*,ZZ)-f(s,Y?,ztyds 
+lf\^ (yf - Y*,g(s,Y s £ )-g( S ,Yty dA, 



-1 ! e 

rT 



Xs+/jA s 



- if, vcp e (F s E ) - vcp 8 (F s 8 )) d, + (y; - if, v ¥e (f s e ) - v ¥s (y 8 ) ) dA, 

+2jT (Y?-Y*,(h(s,Y?,Z*)-h( S ,Y*,Z*j) dB s ) 

+ / 7 \\h(s, y s e , Zf ) - y 8 , Zf ) 1 1 2 ds 
-if* <Y?-Y*,(z*-Z*) dW s ). 

Using the elementary inequality lab < $ 2 a 2 + j^, for all > 0, and (HI), we get 

2(y/ -Y s 5 ,f(s,Y s e ,Zf) -f(s,Y?,Z*)) = 2(Y s e -Y s 5 ,f(s,Y s e ,Z^)-f( S ,Y s e ,zf) 

+f( s ,Y?,z*)-f( s ,Y*,z*)) 
< 2pi |y s E - r 8 | 2 + 2^|if - y 8 | ||z E - zf | 



= (2Pi + ^)l? 



s yf\ 2 +M\\z 



\\h(s,Y s £ X)-h(s,Y^zf)\\ 2 < K\Y?-Y s r + a\\ZZ-Z°f, 



e v8i2 



7£ vS||2 



Y?-Y*,g( S ,Y s °)-g( S ,Y*)) < 2P 2 |F S E -F S 8 | 2 . 
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Choosing M = and noting Proposition 12.21 (5). we get 

Ee^+^' |F f E | 2 + E ^ {% - 2p 2 - - xj e Xs+ ^ \Y*\ 2 ds 

{ft - 2p 2 )e^+^|F s E | 2 dA,. + i^E^e^+^HZf fds 

< 2(e + 5)E^V ? +^ [(Vq> e (y/), Vcp 8 (F s 8 )) ds+ (v ¥e (F E ), V ¥s (f/)) dA. s " . 

Thus, the desired result follows from Lemma l3T4l (T) and Burkholder-Davis-Gundy's inequality. □ 

We now give the following: 
Proof of Theorem \3. 21 Existence 

LemmaE] shows that (F E ,Z E ) is a Cauchy sequence in (s^ n n SMT^J x SW^- We denote 
its limit as (F,Z). Then, (F,Z) € n flf^ n SW^) x stf^. Lemma[33]shows that 



lim7 E (F E ) = F in <W*-", lim./ e (F E ) = F in fM.*'" 

and for all < t < T, 

limEe x,+ ^' \\J E (Y t e ) - F| 2 + |/ e (F f E ) - F f | 2 l = 0. 

Fatou's lemma, Lemma [3~4l and the fact that cp and \|/ are l.s.c. show that (3) of Definition 13. II is 
satisfied. In addition, from Lemma [3^41 we have 



which shows that Uf and V f E are bounded in the space M k and M k ^ respectively. So, there exists 
a subsequence z n — > such that 

U e " — U, weakly in the space fM k , 
V e " — V, weakly in the space . 

Furthermore, we get 

E [ T e x '+^> (|t/ t | 2 d?+|y t | 2 dA t ) < liminf E f ^+^' (\U t e " \ 2 dt + \V t e " \ 2 dA t ) <CA. 
Jo Jo 

Thus, the process (Y,U,V,Z) satisfies (5) of Definition 13. ll by passing limit in (13- 1 b - 

Finally, we show that (4) of Definition Ois satisfied. For all < t < T, since Uf G 3(p(/ e (F r e )) 
and Vf £ 3\|/(7 E (F ? E )), it follows that 

e h+ ^' (Uf,U t -J e {Y t e ))+e Xt+ ^'(p(J e (Y t e )) < e Xt+ ^< q>(U t ), dP x d?-a.e., 
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and 

e fc+M< (y^ Vt -f e (Y t e )) +e h+ v A >y(J e (Y t e )) < e^ + ^'cp(V f ), dP x A(co, df)-a.e. 

Taking the liminf in the above two inequalities, (4) of Definition [3j] holds. 

Uniqueness 

Let (Y t ,U t ,V t ,Z t )o< t < T and (Y t ',Uj, V t ' ,Z' t ) < t < T be two solutions of the BDSGVI dTTTb . Denote 

(AY t ,AU t ,AV t ,AZ t ) < t < T = (Y t -Y t ',U t -U;,V t -V t ',Zt-Z^ < t < T . 

Applying Ito's formula to e +fjA '\AY t \ 2 shows that 

Ee^+^'|AF,| 2 + 2E J e^ +/jA ° (AU S , AY S ) dj + 2E J e^' + ^ (AV S , AY S ) dA s 

+eJ* e^ + ^< | AF S | 2 {X ds + ^ dA s ) + E ^ e Ai+ ^ 1 1 AZ S 1 1 2 ds 

= 2E^V S+ ^ (Ay„/(j,y„^) -f{sXX)) * s 

+2Ej\ Xs+ ^ (AY s ,g(s,Y s )-g(sX)) dA s 

+ Ej\ Xs+ ^\\h(s,Y s ,Z s )-h(sXX s )\\ 2 ds. (3.5) 

Since 3cp and are monotone, we obtain 

(AU s ,AY s )>0, dPxd?-a.e., (AV S ,AY S ) > 0, dP x A(co,df)-a.e. 
Thus, as the same procedure as Lemma [331 we can show the uniqueness of the solution. □ 

4 Stochastic viscosity solutions of SPVI with a mixed nonlinear Neumann- 
Dirichlet boundary condition 

In this section, we consider the one-dimensional equation, i.e. k = 1. We will investigate the 
BDSGVI studied in the previous section in order to give the existence of the stochastic viscosity 
solution of a class of SPVI with a mixed nonlinear Neumann-Dirichlet boundary condition. For 
this, we need some additional hypotheses and tools. 

4. 1 Notion of stochastic viscosity solution of SPVI with a mixed nonlinear Neumann- 
Dirichlet boundary condition 

With the same notations as in Section 2, let F B = {f t B j}o<t<T be the filtration generated by B, 
where B is a one-dimensional Brownian motion. By Mq T , we denote all the F B -stopping times 
X such < X < T, a.s. (M^ is the set of all almost surely finite F B -stopping times. For generic 
Euclidean spaces E and E\, we introduce the following spaces: 
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1. The symbol C k,n ([0,T] x E;E\) stands for the space of all £"i-valued functions defined on 
[0, T] x E which are &-times continuously differentiable in t and ra-times continuously differ- 
entiable in x, and ^'"([0, T] x E;E\) denotes the subspace of C k,n ([0, T] xE;E\) in which all 
functions have uniformly bounded partial derivatives. 

2. For any sub-G-field Q C C k ' n (§ , [0, T] x E\E\) (resp. C^'"(g,[0,T] x E\E\)) denotes 
the space of all C k ' n ([0,T] x E;^) (resp. C^"([0,T] x E;^) -valued random variable that 
are Q <B ([0, T] x £) -measurable; 

3. C M (F B , [0,T] x E\E\) (resp.<:^"(F B , [0,T] x E;E X )) is the space of all random fields € 
C k ' n (!FT, [0, r] x (resp. C kn {? T , [0, r] x E;E{), such that for fixed x € E and r € [0, T], 
the mapping go — >■ oc(?,G0,x) is F B -progressively measurable. 

4. For any sub-G-field Q C and a real number > 0, let L p (g;E) be a set of all E-valued, 
£ -measurable random variable £, such that E|^| p < oo. 

Furthermore, regardless of the dimension, we denote by (■, •) and | • | the inner product and norm in E 
and Ei, respectively. For (t,x,y) € [0, T] x R d x E, we denote D x = (£,...., £),D XX = (d 2 XiXj )f J=l , 
D y = -^, D t = ^. The meaning of D^, and D >y is then self-explanatory. 

Let be an open connected and smooth bounded domain of M. d (d > 1 ) such that for a function 
(j) € c£(M. d ), and its boundary 30 are characterized by = {(]) > 0}, 30 = {(j) = 0} and, for 
any x € 30, V<f>(jc) is the unit normal vector pointing towards the interior of 0. In this section, we 
consider the continuous coefficients b, a, I, f, (|) and h 



f 
8 
a 

1 



Qx[O,r]x0xlxl'' 
Qx[O,r]x0xl^R 



ndxd 



and b 



0^M, 



satisfy that 

' \f(t,x,y,z)\ <^(l + W + M + ||z||), 
(H5) | \g(t,x,y)\<K(\ + \x\ + \y\), 

k |XW| + |9(XW)I + IV(XW)I<^(1 + W)- 
' \b(x)-b(x')\ + \\o(x)-o(x')\\ <c\x-x'\, 

(H6) i \f(t,x,y,z)-f(t,x,y,e)\<c(\y-y'\ + \\z-e\\), 

k (y-y,g(?,x,y)-g(?,x,y)} <p|y-yi 2 . 

(H7) The function h € C°' 2 ' 3 ([0, r] x x K;R). 
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Let us consider the following SPVI with mixed nonlinear Neumann-Dirichlet boundary condition: 

,. s I du(t,x) 



dt 



where 



+ \Lu(t,x) + f(t ,x,u(t ,x) ,c* (x)D x u(t ,x))] 



h(t,x,u(t,x))B s G3<p, (t,x) G [0,T] x@, 



(ii) — (t,x)+g(t,x,u(t,x)) g3\|/, (t,x) G [0,T] x 30, 
an 

(w)u(T,x)=%(x), xG@, 



(4.1) 



3jc; 



(4.2) 



and 



3/7 



i=1 3x ; dxi 



We first define the mean of stochastic viscosity solution to S 1 V I (f<8> h >XMV) (|4.l[ ). As mentioned 
in introduction, our notion of stochastic viscosity solution uses the stochastic sub- and super-jets 
introduced by Buckdahn and Ma Q. Next, the existence result will be derived by the use of the 
well-known Doss-Sussman transformation. In this fact, let us recall the statement appeared in ll5l . 

Definition 4.1. Let x G Mq T , and £, G f x - We say that a sequence of random variables (%k,£>k) is a 
(x, ^-approximating sequence if for all k, (x^,^) G 5Vf* x L (fT x ,0) such that 

(i) t,k — > % in probability; 

(ii) either X& t x a.s., and X& < x on the set {x > 0}; or x& J, x a.s., and Xj > t on the set {x < T}. 

Definition 4.2. Let (x,£) G 5Vf B r x L 2 (>/;©) and u G C (F B , [0,T] X 0). A triplet of (a,p,X) is 
called a stochastic /j-superjet of m at (x,^) if the following terms hold: 

(i) (a,b,c,p,q,X) isanlxRxMxl''xl"x S (n)-valued, ^/-measurable random vector, 
where S (n) is the set of all symmetric nxn matrix. 



(ii) Denoting 



b = g(?,t,,u(t,Z ) )), c={gd u g)(x&,u{%&)) 
q = 3^(x,^«(x,^)) + 3 i4 g(x,^w(x,^))/7. 
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Then, for all (x, ^-approximating sequence (x^,^), it holds that 

u{%k&k) < u{x^)+a{x k -x) + b{B Xk -B z ) + C -{B Zk -B x f + {p^ k -^) 

-B x )+ l -{x^ k -^)Xk-^) 

+0 (| Tjfc _ T |) + (|k_5|2). (4.3) 

Next, j^ 2,+ u(T,t,) denotes the set of all stochastic /i-superjet of u at (x,^). Similarly, the triplet 
of (a,p,X) is a stochastic /j-subjet of u at (x,^) if (/) and (ii) hold and the inequality in (14.9b is 
reversed. Moreover, J.' ' _ «(x,^) denotes the set of all stochastic /j-subjet of u at (x,i;). 

Remark 4.3. For 6 equal to cp or \|/, we emphasize that 36(y) = [6j(y),6j.(y)], for every y € Dom(6) 
where 0j(y) and 0j.(y) denote the left and right derivatives of 6. 

Now, we define the stochastic viscosity solution of 3 & I^' 8 ' h '*" <? (14 -lb - In order to simplify 
the presentation, we set 

V f (z&a,p,X) = -a- ~Trace(ca*©X) - (p,b^)) -f{i£X*£),<f®P) ■ 

Definition 4.4. A random field u £ C (~F B , [0,T] x ©) which satisfies that u(T,x) =%(*), for all 
x E 0, is called a stochastic viscosity subsolution of S W I v (gj) if 



M( 



(x,£) G Dom(cp), V(x^)G^ ( f r xL 2 (j/;0), P-a.s., 
(x,£) G Dom(\|/), V(x,^)G^ ( f r xL 2 (j/;30), P-a.s., 

and at any (x,£) G 5Vf B r x L 2 ( J?;®), for any (a,p,X) G ^' 2,+ m(x,^), it hold P-a.s. 

(a) on the event {0 < X < T} n {£, G 0} 

y / (x,^a,/ 7 ,X) + (p;( M (x^)-i(/ J 3 l ,/ J )(x,^ M (x^)) <0; (4.4) 

(b) on the event {0<x<T}n{^G 30} 

min (Vf{%X,a,p,X)+^[{u{xX)-^{hB u h){xX,u{%^)), 

(Vm,P)-8(^X^))+VM^i) <0. (4.5) 

A random field «6C (F B , [0, T] x 0) which satisfies that m = % (jc), for all x G 0, is called a 
stochastic viscosity supersolution of 52>V;^ , ' ! ' X ' W ' (14.11 ) if 

m(t,5) G Dom(cp), V (x,£) G x L 2 (j/;0) , P-a.s., 
«(t,$) G Dom(y), V(x,£) G xL 2 (^ B ;30) , P-a.s., 

and at any (x,£) G fW B r x L 2 ( J T B ;0), for any (a,p,X) G ^ 1,2 ~m(x,^), it hold P-a.s. 
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(a) on the event {0 < X < T} n {£, G &} 



V f (%£,a,p,X) + v' r (u(x&) - l -(gd u g)(x£,u(x&)) > 0; 



(4.6) 



(b) on the event {0 < x < T} n G 90} 



max ^(x^.fl.p, 



X) + cp;Wx^)-^(/ J a H / J )(x,^ M (x^)),(V^),p)-g(x,^ M (x^))) >0. 

(4.7) 



Finally, a random field «GC (F B , [0, T] x ©) is called a stochastic viscosity solution of SW / 
(14.11 ) if it is both a stochastic viscosity subsolution and a stochastic viscosity supersolution. 

Remark 4.5. Observe that if / and g are deterministic and h = 0, Definition 14.41 coincides with the 
definition of (deterministic) viscosity solution of PVI given by Maticiuc and Ra§canu in ifTSI - 

To end this section, we state the notion of random viscosity solution which will be a bridge link 
to the stochastic viscosity solution and its deterministic counterpart. 

Definition 4.6. A random field u G C(F B , [0,T] x M. n ) is called an co-wise viscosity solution if for 
P-almost all CO G Q., u(03, • , •) is a (deterministic) viscosity solution ofStPVl^ ,8l0 ' x,(f ^ . 

4.2 Doss-Sussmann transformation 

In this section, using the Doss-Sussman transformation, our next goal is to establish the existence of 
the stochastic viscosity solution to 53"^ i^ ,8 ' h,M ' Vf ' (|4.l| ) by means of backward doubly stochastic 
generalized variational inequality. 

As shown by the work of Buckdahn and Ma (UI71, the Doss transformation will depend heavily 
on the following stochastic flow r\ G C(F B , [0,7] xR"x R), defined as the unique solution of the 
following stochastic differential equation in the Stratonovich sense: 



We refer the reader to their paper for a lucid discussion on this topic. We also note that due 
the direction of backward Ito integral, (14.81 ) should be viewed as going from T to t (i.e y should be 
understood as the initial value). Under the assumption (HI), the mapping y i-> T[(t,x,y) defines a 
diffeomorphism for all (t,x), P-a.s. (see Protter ED). Let us denote its y-inverse by e(t,x,y). Then, 
one can show that e(t,x,y) is the solution to the following first-order SPDE: 




(4.8) 




y))odB s ). 



Let us recall the following important proposition appeared in (3l (see Lemma 4.8). 
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Proposition 4.7. Assume that the assumptions (Hl)-(Hl) hold. Let G Mq T x L 2 

u G C (F B , [0,r] x 0) and (a u ,X u ,p u ) G J h ' ' + u(x,^). Define v(-, •) = e(- 3 -,«(•,•))• TTiera, /or any 
(x,t,)- approximating sequence (t^,^), andforF-a.e. GO, it holds that 



v(x k ,^ k ) < v(x,£,)+a v {x k -x)+b v (B Xk -Bj + (p v & k -Z > ) 
- (|x,-x|)+ (fe-^| 2 ). 



- (fix, - fi T ) + i(X v fe 



a v =D y £(x,^,w(x,^))a„ 

Pv = D y e(x,^,u(x,^))p u +D x e(x,^,u(x^)) 

{ X v =DyZ{x&,u(x&))X u + 2D^z(x&,u{x&))pl+D^z{xM 

Namely, (a v ,X v ,p v ) G j7 1,2,+ v(x,^) 

Conversely, let (x,£) G x L 2 (y r T B ;&), v£C (F B , [0, J] x 0) and (a v ,X v ,p v ) G j7 Q l!2 ' + v(x,^). 
Define »(-,-) = r((-, •, v(-, •)). 77je?i, f/ie triplet (a u ,X u ,p u ) given by 

' a u =D y t](x,Z„v(x&)) a v 

p u =D y r\(x&,v{x&))p v +D x x\(x£,v{x&)) 
{ X u =D y ^x£X*&)) x v + 2D^(x£,v(x,Z > )) P ; +D xr r|(x,^,v(x^)) +D yy r\(x£,v(x£))PvP* v 

12-)- 

satisfies (a u ,X u ,p u ) e J h ' w(x,£). 

Following the key ideas of Buckdahn and Ma, our aim is to convert a SPVI to a PVI with 
random coefficients with the Doss-Sussman transformation so that the stochastic viscosity solu- 
tion can be studied go- wisely. However, our resulting equation from 51"]/ 1 ^> 8 ^^> fl4,l| ) due to 



Doss-Sussman transformation is not necessarily the PVI studied by Maticiuc and Ra§canu in 031 . 
Therefore, we will need the following version of Doss-Sussman transformation. 

Corollary 4.8. Assume that the assumptions (Hl)-(Hl) hold. Let (x,^) G fW B T x L 2 (jF T B ;@), 
u G C (F B ,[0,T] x0~) and define v( v ) = e(-, -,«(-, •)). 

If (a u ,X u ,p u ) G J h ' ,+ m(x,^), then u satisfies (14.41) and (14.51 ) if and only ifv(-, •) satisfies that 

(a) on the event {0 < X < T} n {£, G 0} 

uj T p fl n y \ i (pKri(x,^v(x^)) 

V / (x,^a v ,p v ,X v )+ D ^ (X) ^ v(T ^ )) <0, (4.9) 

(b) on event {0 < X < T} n {£, G 90} 
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<0, (4.10, 

where (a v ,p v ,X v ) appear in Proposition 4. 7 and functions f and g will be defined in the proof. 
If (a u ,X u ,p u ) G J, ' '~m(t,£), f/zerc w satisfies ( 14.6b azfti ( I4.7I ) if and only ifv(-,-) satisfies that 
(a) on f/ze even? {0 < X < T} n {£, € 0} 

Vy{%,C,,a v ,p v ,X v )+ ^ fc ^_ e ^ >0; (4.11) 



D v r|(x,^v(x^)) 



(b) on f/ze even? {0 < x < T} n {£, € 30} 

(p;(ti(x^v(x^)) 



max Vr(x,£,a v ,p v ,X v ) + 



D,ti(x^v(x^)) 



/Voo/ Let (x,£) G fW^j- x L 2 (jT x B ;0) be given and (a u ,p u ,X u ) G ,+ m(x,^). We assume that m 
is a stochastic subsolution of ^<prj/ /(/'SAJCqw) (gj]) , which means that 

k(x,£) € Dom(cp), V(x,^) G3f,f r xL 2 (^ T B ;0), P-a.s., 
w(x,£) € Dom(y), V(t,£) € flf * r xL 2 (j/;30) , P-a.s., 

and at any (t,£) G x L 2 (j/;0), it holds P-a.s. 

(a) on the event {0 < X < T} n {£, G 0} 

V f (x,^a„,p M ,X i< ) + <pj(w(x,£) - -(/fa M /i)(x,^«(x,^)) < 0; 

(b) on the event {0<x<T}n{^G 30} 

min (v f (x, a B , p M + <pj ( M (x, §) - - (n3 M ft) (x, w(x, £)) , 

(V^©, A( )-g(x,^«(x^)) + ¥ ;( M (x^))) <0. 
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12 + 

Then, according to Proposition 4.7, there exist (a v ,p v ,X v ) <G J ' ' v(t,£), such that on the event 

{0<x<r}n{^e©}, 

-D y T,(T,^v(T^))av-D y Ti(T^,v(T^))irr(oo*(^ v ) 
-irr(aa*(^)D xx Ti(x,^v(x^)) - l -D yy ^A^)W(%)Pv\ 2 

-(0*(^T,(T^,V(T^)),0*(^) - <AJ1(T,$,V(U)),M$)> 

-/(x,^,Ti(x^,v(x^)),a*(^Ti(x^,v(x^))+D,Ti(x,^v(x^))a*© A ,) 
-(D > ,ti(x,^v(x^)) a „K^)) 

< -«p{(Tl(T^,v(T,y)) + i(A3A)(T,^T,(T,^v(T^))). 

Since D } ,ri(?,x,y) > 0, V(7,x,y) we define the random field /by 
1 



f(t,x,y,z) 



D y T}{t,x,y) 



f{t,x,l\(t,x,y),<f(x)D x l\(t,x,y) +D y l\(t,x,y)z) - -(hd u h)(t,x,r\(t,x,y)) 

1 



+Lx*\(t,x,y) + {G*(x)D xy r\(t,x,y),z) + ^D yy r\(t,x,y)\z\ 2 



We obtain 



v_/ xEa D X ) | <P/(Tl(T,tv(T^))) 



and on the event {0<x<r}n{^£ 30} 



= <V<K^ ,D y n(T,$,v(T,$))p v ) + <V^),^T,(T,^V(T^))> 
-g(x,^Tl(x,^v(x^)))+V ; (Tl(^^v(x^))) 

= D yn (x^v(^))^m,Pv) 

-D y ri(x,^v(x^))g(x,^ri(x,^v(x^))), 



where 



(g(?,x,y)-(V^)©,^ri(?,x,y))). 



DyTl(/,JC,y) 

Recall again that D v r|(7,x,.y) > 0, V(t,x,y), we get 
min(v 7 (T,^, av ,p v ,X v ) + ^^'^'^ 



D y ri(x,^v(x^)) 



-g(x,£,v(x,£)) + 



¥ ;(t 1 (x,^v(x^))) 

D y ri(x,^v(x^)) 



0. 



□ 
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5 Probabilistic representation result for stochastic viscosity solution 
to SPVI 



The main objective of this section is to show how a semi-linear SPVI with Neumann-Dirichlet 
condition associated to the coefficients (f,h,g,%,<p,yp) is related to BDSGVI (11.11 ) in the Markov 
framework. 

We now introduce a class of reflected diffusion processes. Let us recall be an open connected 
bounded subset of R d , which is such that for a function (j) G Cf = {(j) > 0}, 30 = {§ = 0}. It 
follows from the results in Lions, Sznitman [6] (see also Saisho [10]) that for each (t,x) G [0, T] x 
there exists a unique pair of F w progressively measurable continuous processes {X s rX ,A^;s > 0}, 
with values in x R + , such that : 



--x + 



sVt 



.vVY 



X'/)dr + a(X'/)dW r + ^^(X'/) dA'/, VsG[0,r]. (5.1) 



Let notice that the above assumptions imply that there exists a constant a > such that for any 
x G 30, x' G 



x-x \ +a(x'-x,(j)(x)) >0. 



(5.2) 



We have 



Proposition 5.1. There exists a constant C > such that for all < t < t' < T and x, x' G 0, the 
following inequalities hold: for any p > 4 







X^-X^ 


V 




E 


sup 




<c 




-0<s<T 









and 



E 





ay -a*/ 


p~ 






sup 




<c 


\t 


_o<i<r 











\t' -t\Pl 2 + \x-x'\ 



t' -tW' A + x-x 1 



(5.3) 



(5.4) 



Moreover, for all p>l, there exists a positive constant C p such that for all (t,x) G [0, T) x 0, 

E(\A[: x \ p )<C p (l+tP) (5.5) 
and for each p, t < s <T, there exists a positive constant C(p,t) such that for all x G 0, 

E(V^) <C(pi,t). (5.6) 



Proof. This proof follows the similar argument used in |fT9l . We apply Ito's formula to the semi- 
martingale 



exp 



xy-xt's 



Hence exploit the inequality (15.21 ) and standard SDE estimates we obtain 

sup IX^-X^A <C^\t-t'\ p / 2 + \x-x'\ p + E£ \X'/-Xi' xJ \Pds^ . 
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Then inequality (15.31) follows from Gronwall's lemma. Next, by Ito formula we have 



where L is defined by ( I4.2I ). From this identity and inequality ( 15.31 ), we deduce easily the the 
inequalities (I5~4"l) and (I5.5I ). □ 



Under assumptions (Hl)-(Hl), it follows from Theorem 3.2 that, for all (t,x) G [0, T] x 0, 
there exists a unique triplet (Y'> x ,Z'* X ,U t,x ,V t,x ) such that 

+ j\(rX" "X*)dB r - J* Z'/dWr, t<s<T; (5.7) 



(5.8) 



and 

(Y^ X ,U'/) G 3cp, dP® ds, G 3\|f, dP<g> dA{<b) s -a.e. on [f,r]. 

We extend processes Y 1 *, Z'' x , U t,x , V'- x on [0, T] by putting 

Y^ = Y\'\ ZY = 0, 17? = 0, = 0, s G [0,r]. 

The following regularity result generalizes the Kolmogorov continuity criterion to BDSGVI: 

Proposition 5.2. Let the ordered triplet (Y^ ,U S ' X ,VV* jZ/*) be the unique solution of the BDSGVI 
(15.71) . Then, the random field (s,t,x) i— > F/' , (s,t,x) G [0, T] x [0,T] x 0, a. s. continuous. 



Proof. Let (f,x) and (t',x') be two elements of [0,T] x 0. It follows from Ito formula applied to 
\Ys' x — Ys ' \ p with p > 4 combined \ 
Proposition 4.3) that, for < s < T, 



Ys' x — Yg ' \ p with p > 4 combined with the arguments used in [3] (see Proposition 3.5) and [2] (see 



E[ sup 






\o<i<r 







< c 



E( sup 

.0<s<T 



A S ~ A S 



+ (E sup \AY-A''/\ P 

0<s<T 



1/2' 



Next, using Proposition 5.1 one can derive 

e( sup Yp-yf* ^ <C{\t-t'\ p l 2 + \x-x'\ p + \t-t'\ p l A + \x-x'\ pl2 ). 
\o<.v<r ' / 

Therefore, il suffice to choose p = y convenably to get 



( sup 


yt.X yt'y 

I S s 


\o<i<r 





<C(\t-t , \ l+ V + \x-x'\ d+S ) 



We conclude from the last estimate, using Kolmogorov's lemma, that {Y^ x ,s,t G [0, T],x G 0} has 
an a.s. continuous version. □ 
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Let us define 



u(t,x) = Yj' 



(5.9) 



which is random field such that u(t,x) is f t B T -measurable for each (t,x) G [0,T] x 0. 
We are now ready to derive the main result of this section. 

Theorem 5.3. Let the assumptions (HI)— (HI) be satisfied. Then, the function u(t,x) defined above 
is a stochastic viscosity solution of S & V I 8 ' h,X ®'^ (14- 1 b - 



Proof. First, since u(t,x) = F/' r , it follows from Proposition 5.2 that u G C(f B , [0,T] x 0). Thus it 
remains to show that u is the stochastic viscosity solution to V I ^' g ' h,x ^^ . in other word, using 
Corollary 4.8, it suffices to prove that v(t,x) = e(t,x, u(t,x)) satisfies d4~9t— (14. 10b and d4.llM4.12b . 
In this fact, we are going to use the Yosida approximation of (15.7b . which was studied in Section 



3. For each (t,x) G [0,T] x 0, 8 > 0, let {(F/" r ' 5 ,Z'" r ' 5 ), < s < T} denote the solution of the 
following GBDSDE: 

F^> 8 + j* V(p s (F/* 5 ) dr + f Vi|/ 8 (F/^ 8 ) dA r 
= X(X t f)+ [ T f(r,X'/X^,Z t r ^)dr+ C g(rX/ j'/'^r 

J s J s 

r-T r-T 

+ j h(r,Xf,Y}>* fi )dB r - j Z'/^dWr, t<s<T. (5.10) 



Define y f ' ,lu = u 5 (t,x), it is well known (see Theorem 4.7, |2l) that the function v 5 (t,x) = 
e(t,x,u 5 (t,x)) is an co-wise viscosity solution to the following SPDE with nonlinear Dirichlet- 
Neumann boundary condition 



(i) 



dv° 
~dt 



(t,x)- Lv 8 (t,x)+f ?) (t,xy(t,x),o*(x)Vv 8 (t,x)) =0, (t,x) G [0, T] x 0, 



3v 8 . C 5 - 11 ) 

(ii) —(t,x)+ gs (t,x,v b {t,x))=0, (t,x) G [0,T] x30, 

k (m)v(T,x)=%(x), x G 0, 
where 

7 u \ 7f< \ V(p s (ri(f,x,y)) Vy s (r\(t,x,y)) 

Mt,x,y,z) = f(t,x,y,z) -— r— and g s (t,x,y) = g(t,x,y) — — — . 

D y r\(t,x,y) D y T\(t,x,y) 

However from the results of the previous section, one can proved with no more difficulties (it suf- 



fice to show that E 



sup sup|,f;- x ' e -f;^ 8 i 2 

t<s<T xe @ 



<C(s + 8)) that, for each (t,x) G [0,T], along a 



subsequence, v 8 (?,x) converge to v(t,x) almost surely as 8 goes to 0. Moreover, since v 8 and v are 
continuous, it follows from Dini's theorem that the above convergence is uniform on t on compact. 
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Let co G £1 be fixed such 

|v 8 (x((o)^(( O ))-v(t(( O )^(( O ))|^0 as 5^0, 

and consider (a v ,p v ,X v ) S j/ 1 ' 2 ' + (v(t(co),^((o))). Then, it follows from Crandall- Ishii-Lions (H 
that there exist sequences 

r s„(co)\o, 

(x n (co),^((o))e[o,r]x0, 

such that 

(x„((o),^((o),<,^,x;,v s "(t„((o),^((o))) ->• (T(co) ! ^(co),a V) p v ,X v ,v(T(a)),^(a)))) ! asrc^oo. 

Since v 8 " (co, •, •) is a (deterministic) viscosity solution to the PDE (/g n (co, •, •, -),0,g§ n (co, •, •),%), we 
obtain 



(a) (x„(co),^(co))G[0,r]x© 



V h„ (CD) ( X « ( ( °) ' ^» M ' ^ > X V > Pv ) + 

(b) (x„(co),^(co))G[O,r]x30 



, V( P5„ Cn ( X « (») . (») , v ( T « (») > (») ) ) ) 



D y x\ (%„ (co) , (co) , v s " (x n (co) , £,„ (co) ) ) 



<0, (5.12) 



V /5 " W OyT] (x„ (co) , (co) , V 8 « (t„ (co) , (co) ) ) 

( V<\> (£„ ) , D x r| (t„ (m) , % n (co) , v 8 " (x„ (co) , (co) )p n v ) ) - g K (co) (x„ (co) , £ n (co) , V 8 " (x„ (co) , \ n (co)) ) 



V y s » Cn (t» (co) , (co) , v 8 " (x„ (co) , %„ (co) ) ) ) \ <Q 
D 3 ,ri(x„((o),(; ;1 ((o), v 8 " (x ;1 (oo), (;„(©))) J ~ 



(5.13) 



To simplify the notation, we remove the dependence of co in the sequel. Let y S Dom(cp) n Dom(\|/) 
such that y < m(t,^) = T|(x,2;,v(x,£)). The ucp convergence v 8 " — > v implies that there exists no > 
such that y < t|(t,^,v(t,^)), Vb > no. Therefore, from (15.121 ) and (15- 13b . it follows that 

(ti (x , I, v (x ,%))- y) Vf(x n , % n , a v , X v , p v ) 



< 



(p 5 (/ 8 „(Ti(x,<;,v 8 "(x,<;)))) + cpW 



1 



and 



min (y\(x,Z„v(%£)) -y)V 7 (x n ,^ n ,a v ,X v ,p v ) + 



D y r\ {i„Xn, v 8 " (x„, §„))' 
(p 8 (/ s (Tl(x,<;,v 8 "(x,i;))))-cp(y) 



/ D v ri(x,i;,v 8 «(x,(;)) 
(T!(x,c;,v(x,c;))-y) \(V^),D^(x n ((o)Xn^(x,^)p n v )) -g(z n £ n ,v 5 "(l n £ n )) 
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y 8 (/ 8 (Tl(T,^v 8 »(T^))))- ¥ (y) \ 

d v11 (x,^v8«(x^)) ' 

Taking the limit in this last inequality, for all y < T|(x,^, v(x,£)), we get 

(p(Tl(x,^,v(x,^)))-(p(y) 



(Vf(l,^,a v ,X v ,p v ) < 



ri(x,^v(x^))-y) D } .ti(x,^v(x^))' 
and 

™„ /w, s v i, ■p(n(^^"(t.^)))-'p(j) 
mm ^,i 0l ,x v , Pv ) + (l , (T| ^ v(l ^ )) _, )Drn(l4|V(T ^ )r 

(ri(x,^v(x,g) - j)D v ri(x((o),^v(x,g) y 

which implies that 



(V / (x,^ Q ^ v , Pv )+ D>1l(Xi ^ v(T ^ )) <0, 

and 

(V(^©,D, 11 (x^,v(x,^ v )) -^,^v(x,^)) + ^7^#1 ^ °> 

D v ri(x,^v(x,g) y 

and yields that v satisfies (14.91 ) and (I4.10I ). Then, it follows from Corollary 14. 8 1 that u is a stochastic 
viscosity subsolution of sq>h> iW&foWW) (g^T) , By similar arguments, one can prove that w is a 
stochastic viscosity supersolution of SW I ^ ,8,h ^' Sf ^ (|4.l| ) and completes the proof. □ 
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